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Abstract
The general-relativistic magnetohydrodynamical (GRMHD) formulation for black hole-powered jets naturally gives rise
to a stagnation surface, where inﬂows and outﬂows along magnetic ﬁeld lines that thread the black hole event horizon
originate. We derive a conservative formulation for the transport of energetic electrons, which are initially injected at the
stagnation surface and subsequently transported along ﬂow streamlines. With this formulation the energy spectra
evolution of the electrons along the ﬂow in the presence of radiative and adiabatic cooling is determined. For ﬂows
regulated by synchrotron radiative losses and adiabatic cooling, the effective radio emission region is found to be ﬁnite,
and geometrically it is more extended along the jet central axis. Moreover, the emission from regions adjacent to the
stagnation surface is expected to be the most luminous as this is where the freshly injected energetic electrons are
concentrated. An observable stagnation surface is thus a strong prediction of the GRMHD jet model with the prescribed
non-thermal electron injection. Future millimeter/submillimeter (mm/sub-mm) very-long-baseline interferometric
observations of supermassive black hole candidates, such as the one at the center of M87, can verify this GRMHD jet
model and its associated non-thermal electron injection mechanism.
Key words: black hole physics – gravitation – galaxies: individual (M87) – galaxies: jets – Galaxy: center –
radiation mechanisms: non-thermal
1. Introduction
It is a pressing question as to how the radiation that is
observed in relativistic jets in active galactic nuclei (AGNs) is
generated (e.g., Blandford & Königl 1979; Marscher 1980;
Zensus 1997; Laing & Bridle 2002; Honda 2010; Levinson &
Rieger 2011; Mościbrodzka et al. 2011; Ito et al. 2013; Mason
et al. 2013; Potter & Cotter 2013; Hovatta et al. 2014; Scott &
Stewart 2014; Shih & Stockton 2014; Wang et al. 2014; Turner
& Shabala 2015; Asada et al. 2016; Hirotani et al. 2016; Koay
et al. 2016; Khabibullin et al. 2016; Prieto et al. 2016).
Although there is a common consensus that the emitters are
energetic particles, how these particles are accelerated to such
high energies, how they dissipate their energy, and how they
are transported with the jets themselves are still the subject of
feverish investigation (e.g., Blandford & Eichler 1987). It is
argued that relativistic outﬂows from black holes are associated
with accretion ﬂows (Blandford 1976; Fender et al. 2004;
Meier 2005; Ferreira et al. 2006; Trump et al. 2011; Pu et al.
2012; Wu et al. 2013; Ishibashi et al. 2014; Sbarrato et al.
2014). In the case of collimated relativistic jets, magnetic ﬁelds
must play an important role (Camenzind 1986a, 1986b, 1987;
Fendt & Greiner 2001; Vlahakis & Königl 2004; Komissarov
et al. 2007; Lyubarsky 2009; Nakamura & Asada 2013; Homan
et al. 2015), and it is argued that jets are powered at the expense
of the black hole, wherein energy is extracted from a
reservoir of rotational energy from the black hole itself, either
by electromagnetic means (Blandford & Znajek 1977;
Komissarov 2004, 2005; Toma & Takahara 2014) or through
magnetohydrodynamical processes (Phinney 1983; Takahashi
et al. 1990; Koide et al. 2002; McKinney & Gammie 2004;
Hawley & Krolik 2006). Models have been proposed for both
of these cases, and they both in principle possess certain
testable predictions. In particular, for the latter, numerical
GRMHD simulations (e.g., McKinney 2006) and analytical
GRMHD studies (e.g., Takahashi et al. 1990; Pu et al. 2016)
consistently show the presence of a stagnation or separation
surface (a separatrix). This surface separates the (inner) inﬂow
region from the (outer) outﬂow region, both of which follow
the same global, black-hole-threading magnetic ﬁeld lines. The
relatively slow radial velocities near the stagnation surface
imply a high concentration of ﬂuid particles. If energetic
particles are injected in the vicinity of the stagnation surface or
near the black hole event horizon, they must accumulate in high
concentrations near the stagnation surface, provided that the
cooling timescale is not signiﬁcantly shorter than the dynamical
timescale of the jet ﬂuid ﬂow. This surface is a unique feature
of relativistic GRMHD jets and in contrast to an ideal force-free
magnetic jet (e.g., McKinney & Narayan 2007; Tchekhovskoy
et al. 2008; Broderick & Loeb 2009).
In a GRMHD jet model (e.g., Camenzind 1986b; Takahashi
et al. 1990), the ﬂuid mass mainly comprises baryons, although
this does not rule out the possibility that there could also be a
substantial number of positively charged leptons. For such a
baryonic jet, one would expect that the mm/sub-mm radio
emission is predominantly synchrotron radiation from energetic
leptons, which are likely non-thermal in origin. In a simple
approximation, the radiative power of leptonic synchrotron
emission is related to the magnetic energy density as
g bµ ¯ ¯P B2 2 2, where g¯ is the effective Lorentz factor, b¯ is the
effective velocity of the leptons (normalized to the speed of
light), and B is the magnetic ﬁeld strength. While the
non-thermal synchrotron model is in general consistent
with polarimetric and spectral observations of the radio
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emission from AGN jets (e.g., Broderick & McKinney 2010;
Clausen-Brown et al. 2011), the exact origin of non-thermal
particles (e.g., electrons in the context of baryonic jets) is still
an unresolved issue.
In this study, we aim to determine the observational
signatures of the stagnation surface presented in model
GRMHD jets in the context of non-thermal synchrotron
radiation from baryon-dominated relativistic ﬂows. In spite
of the many uncertainties in the detailed microphysics, many of
these are unimportant in determining the qualitative aspects
of the observable features. Due to the absence of physical
models for the injection of non-thermal electrons into jets,
certain assumptions have been adopted in the pioneering works
in the ﬁeld, such as phenomenological mass-loading models
(Broderick & Loeb 2009) or a ﬁxed ratio of the internal energy
of non-thermal electrons to the magnetic energy (Dexter et al.
2012). These assumptions have restricted the “thermal proper-
ties” (such as the the energy cutoff and the spectral index) of
the non-thermal synchrotron-emitting particles to be rigidly
associated with the jet ﬂow. We relax such restrictions by
allowing the energy content of the particles to evolve as they
are transported in the ﬂow through appropriate loss processes,
such as synchrotron and adiabatic processes. This improvement
enables us to provide more reliable observational signatures for
the GRMHD jet. With forthcoming mm/sub-mm VLBI
observations of AGN jets, in particular the one in M87 by
the Event Horizon Telescope (Doeleman et al. 2012; Lu et al.
2014; Kino et al. 2015; Ricarte & Dexter 2015) and the
Greenland Telescope (GLT; Nakamura et al. 2013; Inoue et al.
2014; Rafﬁn et al. 2016), deﬁnitive observable emission
signatures like those presented in this work will prove essential
in testing theoretical models.
The paper is organized as follows. The modeling of the
spatial and energy population of non-thermal electrons along a
background GRMHD ﬂow is presented in Section 2. A model
to qualitatively describe a GRMHD ﬂow is described in
Section 3. The results and implications of the spatial variation
of non-thermal electrons are given in Section 4. Finally, the
summary and conclusions are presented in Section 5.
2. Spatial and Energy Population of Non-thermal Electrons
In this section, we formulate the population of non-thermal
energetic particles and their evolution in a stationary jet ﬂow.
As the ﬂow within the jet follows streamlines, the particle
number density along each ﬂow streamline evolves from an
initial value.6 This enables the construction of a simple analytic
spectral evolutionary model for the non-thermal particles along
the ﬂow within the entire jet, provided that (i) the non-thermal
particles do not thermalize on timescales shorter than the
dynamical timescale of the ﬂow, (ii) there is no further injection
and no leakage of particles along the ﬂow, and the diffusion of
non-thermal particles across ﬂow streamlines is negligible, and
(iii) collisions between non-thermal particles, and the scattering
and drift along magnetic ﬁeld lines (and ﬂow streamlines) are
unimportant. In a stationary state, the evolution of the non-
thermal particle spectral density along a speciﬁc ﬂow stream-
line can therefore be expressed as
g l g=( ) ( ) ( )∣ ( )n s n s, , 1snth 0 th
where s is the poloidal location on the ﬂow streamline, l0 is a
parameter specifying the relative fraction of the non-thermal
particles, and  g( ) is the normalized energy spectral distribu-
tion function of the non-thermal particles, evaluated in the co-
moving frame of the bulk ﬂow. The absence of particle
injection, leakage, and thermalization implies that l0 will
remain constant along each ﬂow streamline. The number of
thermal particles is given by the density of the ﬂuid in the ﬂow,
which is the solution of the GRMHD equations of the jet.
2.1. Transport of the Particle Distribution Function
Note that Liouville’s theorem for the conservation of phase-
space volume along geodesics is not applicable to determine
 g( ), as it is not a locally or globally free-falling system. More
speciﬁcally, the ﬂow of non-thermal radiating particles
(presumably electrons) in the conﬁguration space is constrained
by the bulk motion of MHD ﬂuid in the jet, and the ﬂow in the
momentum space is determined by the radiative loss and the
thermo-hydrodynamics of the jet ﬂuid. We may, however,
formulate the transport equation to determine the proﬁle of
 g( )∣s along s for the non-thermal particles in terms of the
particles’ cumulative energy spectral distribution function by
taking advantage of the probability invariance and the particle
number conservation along the ﬂow.
We start by deﬁning the cumulative energy spectral
distribution function of the non-thermal particles, evaluated at
location s, as
 òg g g= ¢ ¢g( ) ( ) ( )s d, , 2
s1
whose normalization is
ò g g =g ( ) ( )d 1. 3
s1
max
This cumulative energy distribution function  g( )s, is
essentially the area under the curve  g¢( )∣s, bounded by
g¢ = 1 and γ.
In the absence of particle scattering, the condition g g>b a is
invariant along s for any arbitrary pair of particles “a” and “b”.
This ensures that  g g=( ) ( )s s, ,2 2 1 1 with only the bounds to
determine  g( )s, being changed from g1 to g2, when a
population of particles located at s1 is transported along the
characteristic curve to a new location s2 (see illustration in
Figure 1). The invariance of  g( )s, along s implies that the
cumulative distribution function satisﬁes the advective trans-
port equation
g g g
¶
¶ +
¶
¶ =
⎡
⎣⎢
⎤
⎦⎥ ( ) ( )s
d
ds
s, 0, 4
6 In a one-zone formulation, the energy spectral evolution of a population of
energetic particles is governed by the transport equation
g
g g g g g
¶
¶ +
¶
¶ = -
( ) ˙ ( ) ˙ ( ) ˙ ( )n
t
n Q Q ,inj loss
(see, e.g., Ginzburg & Syrovatskii 1964), where g( )n is the particle number
density, and Q˙inj and Q˙loss are the particle injection and particle loss rates,
respectively. This equation has assumed that the angular distribution of the
particles in momentum space is preserved, which is justiﬁed in a magnetically
conﬁned region if radiative losses are insigniﬁcant. In the MHD jet model
considered here, the energetic (non-thermal) particles are carried along the ﬂow
streamlines (which are parallel to the magnetic ﬁeld lines) by the ﬂuid. This
formulation is therefore not applicable. A covariant formulation that takes into
account the spatial transport is required when constructing the transport
equation for the energy spectral evolution of the particle population (see, e.g.,
Chael et al. 2017).
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and  g( ) is traced by the curves  =d 0, which are the
characteristic curves. Hence, the transport equation can be
solved using the method of characteristics once the energy
gain/loss rate along s, gd ds, is speciﬁed.
In the reference frame co-moving with the bulk motion of the
transported jet ﬂuid,
g g t= ˙ ( )d
ds v
d
dt
, 5
s
where td is the proper time interval, and g g tº˙ ( )d d is the
energy gain/loss per unit time. Since s is increasing from
the black hole to inﬁnity, we can freely choose where s=0.
Here and hereafter, we adopt the convention = =s s 00 at the
stagnation surface. Therefore, >ds 0 for the outﬂow and
<ds 0 for the inﬂow in the jet. The speed of the jet ﬂuid,
=v ds dt , may then be written (as measured in the Boyer–
Lindquist coordinate frame) as
q
q= SD + + D
q⎜ ⎟ ⎜ ⎟
⎡
⎣⎢
⎛
⎝
⎞
⎠
⎤
⎦⎥
⎛
⎝
⎞
⎠ ( )v v v
dr
d
d
dr
1 , 6r
2
where qS º +r a cos2 2 2 ,D º - +r M r a22 BH 2, MBH is the
black hole mass, a is the spin parameter of the black hole,
ºv u ui i t, and mu is the four-velocity of the ﬂuid. The
expression for qdr d in the above equation is given by the
stream function (Section 3).
For non-thermal particles with  g( )s, 0 injected at =s s0 in
a stationary manner, the transport equation may now be
expressed as
 g g g g d
¶
¶ +
¶
¶ = -
⎡
⎣⎢
⎤
⎦⎥ ( ) ( ) ( ) ( )s
d
ds
s s s s, , . 70 0
Since freshly accelerated particles in high-energy relativistic
systems tend to have a power-law energy spectrum, we simply
adopt a power-law spectrum for  g( )s, 0 to avoid unnecessary
complications. Hence, we have
 g gµ a-( )∣ ( ), 8s 00
where g gº ∣s0 0. The value of the spectral index α depends on
the particle acceleration process (e.g., Bell 1978; Blandford &
Eichler 1987; Sironi & Spitkovsky 2011, 2014; Werner et al.
2016). The characteristic curve, which pivots about (g s,0 0), is
determined from Equation (5) and is hence independent of α,
despite the fact that  g( )s,0 0 (Equation (2)) is dependent on the
chosen value of α.
2.2. Energy Loss
The energy losses of relativistic electrons in jet outﬂows are
often attributed to cooling due to synchrotron radiation,
Compton scattering, and/or adiabatic volume expansion. The
ﬁrst two are radiative processes determined by the microscopic
properties of the particles, and the last one is associated with
the hydrodynamics of the bulk outﬂow of the transported jet
ﬂuid. The change in energy of the energetic particles can be
expressed as
g g g
g g g
= +
= + +
˙ ˙ ˙
( ˙ ˙ ) ˙ ( )9
rad adi
syn com adi
in both the inﬂow and outﬂow regions. In this expression, the
radiative loss terms due to synchrotron radiation and Compton
scattering (g˙syn and g˙com, respectively) are always negative, but
the mechanical term due to the adiabatic change in the volume
of the ﬂuid element (g˙adi) can be positive (for compression
heating) or negative (for expansion cooling).
The radiative losses for relativistic electrons due to
synchrotron radiation or Compton scattering (assuming the
electrons have an isotropic momentum distribution and energy
speciﬁed by a Lorentz factor γ) are given (Tucker 1975) by
g s g
g
=- -
»- ´ -- -
˙ ( )
( ) ( )
m c
U
U
4
3
1
3.2 10 1 s . 10
rad
T
e
2
x
8 2
x
1
Here, sT is the Thomson scattering cross-section and Ux is the
energy density of the magnetic ﬁeld ( p= =U U B 8x mag 2 ) for
synchrotron radiation, which is also the energy density of the
photon radiation ﬁeld ( =U Ux ph) for Compton scattering.
No energy or particles (which transport kinetic energy) leak
from this volume element d( )V in a strictly adiabatic process.
Hence, the energy gain/loss of the particles caused by an
adiabatic increase/decrease in volume is
g gd
d
t» -
- -˙ ( ) ( ) ( )
V
d V
d
1
s , 11adi
nth
1
where d ∣V nth is a co-moving volume element containing a
speciﬁc number of energetic electrons. As the diffusion drift of
non-thermal particles is unimportant on the timescales of
interest, the particle transport is dominated by advection. It is
therefore sufﬁcient to set d d=∣ ∣V Vnth fluid. Thus, a volume
expansion in the ﬂuid ( dD >( ∣ )V 0fluid ) gives a negative g˙adi
(i.e., cooling) and a volume contraction in the ﬂuid
( dD <( ∣ )V 0fluid ) gives a positive g˙adi (i.e., heating).
We may express the time evolution of the jet ﬂuid volume in
terms of the time evolution of the mass density of the jet ﬂuid
along the ﬂow streamline (since the contribution to the total
Figure 1. Illustration of tracing the spatial variation of the non-thermal electron
energy, γ, by using  g( )∣s (see Section 2.1) and a moving boundary such that
 =d 0 (red dashed line).  g( )s, is the cumulative energy spectral
distribution function (Equation (2)), represented by the shaded region. The
moving boundary  =d 0 can be described by a characteristic curve
(Equation (5)). See Section 2.1 for details.
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ﬂuid mass by non-thermal particles is negligible),
r d= - ( )d d Vln ln , and obtain
d
d
t t
r
r= -
-⎜ ⎟⎛⎝
⎞
⎠
⎡
⎣
⎢⎢
⎛
⎝⎜
⎞
⎠⎟
⎤
⎦
⎥⎥
( ) ( )
V
d V
d
v
dt
d
d
ds
1
ln s , 12
fluid 0
1
where r0 is the initial value of ρ at the stagnation surface,
which is introduced to keep the argument of the logarithm
function dimensionless. It follows that
g g t
r
r» -
-⎜ ⎟⎛⎝
⎞
⎠
⎡
⎣
⎢⎢
⎛
⎝⎜
⎞
⎠⎟
⎤
⎦
⎥⎥˙ ( ) ( )v
dt
d
d
ds
1 ln s , 13adi
0
1
an expression valid for both jet inﬂow and jet outﬂow. As a
result, whether the adiabatic process results in a cooling or
heating process is determined by the proﬁle of ρ along the ﬂow.
If the proﬁle of ρ is decreasing (or increasing) from the
stagnation surface, adiabatic cooling (heating) will take
place. We demonstrate that adiabatic cooling occurs both for
GRMHD outﬂows and for GRMHD inﬂows in Section 4.
Note that g˙rad is determined by the internal thermodynamical
properties of the ﬂow, and hence does not depend explicitly on
the geometrical extent of the system. However, g˙adi is
determined by the global thermodynamical properties of the
system and is hence expected to scale with the black hole mass,
MBH. From the ratio of Equations (10) and (11), we obtain
g
g
g d
d tµ
+ ~
g
˙
˙
( ) ( )
( )
( )
{ }
U V
t
1
d V d
, 14
U
rad
adi
x
dyn
, x
where tdyn is the dynamical timescale of the ﬂow. For a
relativistic jet ﬂow near the black hole event horizon,
~ µt r c Mdyn g BH, where ºr GM cg BH 2 is the gravitational
radius of the black hole. Thus, one would expect that the
relative importance of the the radiative cooling and adiabatic
cooling would vary according to the black hole mass. In a
synchrotron cooling ﬂow, i.e., p=U B 8x 2 , if the spatial
structure of the magnetic ﬁeld B is speciﬁed and ﬁxed, systems
with a more massive black hole would be dominated by
synchrotron cooling. In systems with a less massive black hole,
adiabatic cooling would become more important.
2.3. Spatial Variation of  g( ) and Its Dependence on α
The spatial variation of the power law for  g( ) ( )d dln ln at
a position s can be approximated by taking g g- »( )12 2 and
g g- »( )1 for the energy-loss terms, which is justiﬁed when
considering only the high-energy component of the electron
population. With these approximations, the synchrotron cool-
ing in Equation (5) has the form g gµd ds 2 and may be
written as
g
g x= - ( ) ( )
d
s ds, 15
2
where
x sp
tº ⎛⎝⎜
⎞
⎠⎟( ) ( )s m c
B
v
d
dt6
. 16
s
T
e
2
The relation
g g g= - ( )x1 170
is then obtained after some algebra, where
ò xº >( ) ( ) ( )x s ds s 0. 18
Due to the conservation of area on the  g - g( )“ ” plane, the
relation
 

g g g g
g g
=
= a-
( )∣ ( )∣d d
d
s s 0
0 0 0
0
holds, which upon inserting g gd d0 yields
 g gg= -
a
a
-
- +( )∣ ( )
( )
x1
. 19s
0
2
The slope at a given position s is therefore

g a a g= - - -
( )
( )
( ) ( )d
d
x
ln
ln
2 . 20
s
0
Since a > 0, from this relation it may be veriﬁed that, at the
high-energy end,  g[ ( ) ( )]∣d dln ln s is always negative if
a 2. When a > 2, the highest energy end may have a
positive slope, resulting in a “raised-up” proﬁle. An approx-
imation and result similar to that derived here has previously
been applied to estimate the time-dependent electron distribu-
tion with the form g gµd dt 2 in Pacholczyk (1970).
In a similar manner, one may repeat this for the adiabatic
cooling (Equation (13)) with the form g gµd ds , yielding

g a= -
( )
( )
( )d
d
ln
ln
. 21
s
Unlike synchrotron cooling, which has the form g gµd ds 2,
the slope variation due to adiabatic cooling is always negative.
Furthermore, the initial slope a- is preserved at different
spatial locations,
3. Flow in an Axisymmetric and Stationary GRMHD Jet
To investigate the energy variation of non-thermal electrons
within a background GRMHD ﬂow, we proceed to construct a
“qualitatively correct” GRMHD ﬂow conﬁguration as illu-
strated in Figure 2 (see also McKinney 2006; Pu et al. 2015).
The ﬂow along large-scale magnetic ﬁeld lines threading the
central black hole is separated into inﬂow and outﬂow regions,
and is surrounded by the accretion ﬂow and its corona. A
global magnetic ﬁeld and MHD outﬂow solution is related to
the mass loading onto the ﬁeld lines (Beskin et al. 1998; Beskin
& Nokhrina 2006; Globus & Levinson 2013; Pu et al. 2015)
and is computationally expensive to calculate. For a description
mimicking the outﬂow properties, we instead employ the
following working assumptions. We consider a class of stream
functions,
 qY = -( ) ( ) ( )r p1 cos , 0 1 , 22p
described in Broderick & Loeb (2009), which approximately
describe the force-free magnetic ﬁeld (Tchekhovskoy et al.
2008).
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3.1. Stagnation Surface
Along a rigidly rotating ﬁeld line, the stagnation surface can
be estimated from the location where the magnetocentrifugal
force is balanced by the gravity of the black hole (Takahashi
et al. 1990). The stagnation surface can be located by searching
for where ¢ =K 00 along the ﬁeld line, where ºK0
- W + W +ff f( )g g g2 t ttF2 F and WF is the angular velocity of
the ﬁeld. Inside (outside) the stagnation surface, the ﬂow is
accelerated inward (outward) and becomes an inﬂow (outﬂow).
For a cold ﬂow within which the pressure may be ignored, the
ﬂow begins with zero velocity at the location where ¢ =K 00
(the acceleration is cancelled out). In a more physically realistic
scenario, the velocity of a hot ﬂow at ¢ =K 00 does not begin
with zero velocity. Here we assume that the inﬂow and outﬂow
solutions (as described below) begin at ¢ =K 00 , and that the
non-thermal electrons are generated therein in a stationary
manner.
3.2. Flow Dynamics
For outﬂow along the ﬁeld lines, we also adopt the
aforementioned force-free model, describing the ﬂuid motion
and magnetic ﬁeld strength for the region where the ﬁeld lines
thread the black hole event horizon. Although this semi-
analytic description has the drawback of being a force-free jet
model which cannot reﬂect the intrinsic particle acceleration
properties of GRMHD processes (related to the mass loading),
it greatly simpliﬁes numerical calculations while still providing
a sensible qualitative model for the ﬂow dynamics. We
therefore adopt this approach as a starting point in this work,
leaving a more in-depth treatment to a future work. Noting that
the drift velocity is always positive (outward), we artiﬁcially
exclude the GRMHD inﬂow region inside the stagnation
surface so as to match the characteristic features of a
GRMHD jet.
The dynamics of the inﬂow region are obtained by solving
the equations of motion along a given ﬁeld line, i.e.,the
relativistic Bernoulli equation in the cold limit. As shown in Pu
et al. (2015), a magnetically dominated GRMHD inﬂow
solution is insensitive to mass loading, because its Alfvén
surface and fast surface are constrained to be close to the inner
light surface and the event horizon, respectively. Based on such
characteristic features, we have the freedom to choose a
representative inﬂow solution for the four-velocity mu of the
inﬂow for a given magnetization sufﬁciently high to result in a
negative energy inﬂow, from which the black hole rotational
energy is extracted outward. To avoid numerical stiffness
issues caused by small values of v and correspondingly large
values of γ for synchrotron processes ( g g gµ ~˙d ds v vrad 2 ;
see Equations (5) and (10)), we consider a ﬂoor value vflr for
the cold ﬂow solution, mimicking the non-vanishing ﬂow
velocity of a hot ﬂow (where the sound speed is not zero) near
the stagnation surface. If the ﬂow velocity ∣ ∣u ur t is below the
ﬂoor value vflr, both synchrotron processes and adiabatic
processes are not considered. The magnetic ﬁeld structure is
determined for both the inﬂow and outﬂow regions from the
force-free model, and its normalization, B0, is a free parameter
chosen according to the particular physical scenario.
3.3. Fluid Mass Density
In both the inﬂow and outﬂow regions, as required by
continuity, the ﬂuid mass density (mass loading) can be
determined from the conserved quantities h Y( ) (particle ﬂux
per unit ﬂux tube) along each ﬁeld line (e.g., Takahashi et al.
1990), which gives the number density of thermal electrons as
h= Y Y- >
q( ) ( )n n
g u
,
0, 23
rth 0
where g is the determinant of the Kerr metric, u r is the radial
component of the four-velocity, and n0 is a normalization for
the number of thermal electrons, nth (c.f. Broderick &
Loeb 2009). Applying r µ nth to Equation (13), the value of
h Y( ) is not relevant when considering r r0.
4. Calculations and Results
4.1. Model Parameters
We consider jet models with p=1 and W Y = W( ) 0.5F BH,
where WBH is the angular velocity of the black hole. The
normalization for the magnetic ﬁeld strength is chosen to give a
ﬁeld strength ∼10 G (with a corresponding =B 500 G), in
order to ﬁt the inferred value for M87 (Dexter et al. 2012). The
model parameters are summarized in Table 1 for different black
hole masses and spin parameters, and the calculation is
performed along a representative ﬁeld line Ψ that attaches onto
the event horizon at qh. We present in Figure 3 the poloidal
distance s and magnetic ﬁeld strength for different models. The
Figure 2. Schematic plot of the GRMHD ﬂow and the black hole
magnetosphere. We assume that the non-thermal electrons (red arrows) are
generated at the stagnation surface (red region) and consider their subsequent
cooling when they are embedded in the background GRMHD inﬂow and
outﬂow (yellow arrows).
Table 1
Model Parameters (See also Section 4.1)
( )M MBH a qh
M9a9h60 (ﬁducial) 6×109 0.998 60°
M9a5h60 6×109 0.5 60°
M9a9h20 6×109 0.998 20°
M6a9h60 4×106 0.998 60°
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GRMHD ﬂow solutions used for each model are presented in
the Appendix. Other choices of p and WF give a qualitatively
similar ﬂow structure.
In the ﬁducial model, M9a9h60, the assumed parameter
values are = ´ M M6 10BH 9 (e.g., Gebhardt et al. 2011) and
a rapid black hole spin of a=0.998. The solution is computed
along a mid-level ﬁeld line which attaches onto the event
horizon at q = 60h . In contrast to the ﬁducial settings, a
modest black hole spin of a=0.5 is chosen in model
M9a5h60, and a different value of q = 20h (but with
a=0.998) is chosen in model M9a9h20.
In addition, although the jet model is independent of the black
hole mass, the radiative cooling depends on the physical length
scale and is therefore a function of the black hole mass
(Section 2.2). To provide insight into the mass dependence, we
consider in model M6a9h60 a smaller black hole mass that is
similar to the case of Sgr A*, i.e., = ´ M M4 10BH 6 , while
keeping the magnetic ﬁeld the same as in all other cases.7 All
calculations include both synchrotron and adiabatic process
Figure 3. Poloidal distance s and magnetic ﬁeld strength B (in Gauss) along the ﬁeld line for each model, in terms of the Boyer–Lindquist radial coordinate, r, in units
of rg. Inﬂow and outﬂow regions are indicated by the blue dashed and red solid segments, respectively. The stagnation surface is located at s=0.
7 Note that in general the magnetic ﬁeld strength depends on the accretion rate
and the black hole mass.
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(i.e., g g g= +˙ ˙ ˙syn adi) since we are concerned with mm/sub-mm
VLBI observational frequencies.8
4.2. Particle Properties of GRMHD Jets
4.2.1. Energy Loss of Non-thermal Electrons
The energy loss of non-thermal electrons can be described
by the characteristic curves gd ds in Equation (5), which are
independent of the choice of α (Section 2.1). In Figure 4, we
present the spatial variation of the non-thermal electrons of
M9a9h60, provided that non-thermal electrons are generated
at the stagnation surface (vertical dashed line). A family
of selected characteristic curves of electron energies
g = 1, 10, 10 , 100 2 3, and 104 at the stagnation surface is
shown (where the subscript “0” denotes the value at the
stagnation surface). A ﬂoor value of =v 0.03flr is chosen
(Section 3.2) so that no numerical stiffness occurs even for the
largest values of g0 considered in this study. This choice of vflr
does not change the results qualitatively. Imposing a ﬂoor
results in a ﬂattened proﬁle near the stagnation surface.
For both inﬂow and outﬂow regions, the electron energy
drops as the electrons stream along the ﬂow and away from the
stagnation surface. The synchrotron process, which is
gµ -( )12 , results in a more rapid energy decrease for higher
electron energies γ (top panel). As the magnetic ﬁeld strength
decreases along the streamline, the effect of synchrotron
cooling become less efﬁcient, and the proﬁle of the
characteristic curve ﬂattens at larger distances in the outﬂow
region. Adiabatic processes on the other hand, which are
gµ -( )1 , are insensitive to the electron energy (middle
panel). The adiabatic process could result in a heating or
cooling process, according to the proﬁle of ρ. It is interesting to
note that ρ is roughly inversely proportional to u r (Section 3.3),
and u r has in general an increasing proﬁle away from the
stagnation surface (Figures 10, 11, and 12 in the Appendix). As
a result, the proﬁle of ρ is always decreasing away from the
stagnation surface, and hence adiabatic cooling takes place in
both inﬂow and outﬂow regions (see Equation (13)). For the
combination of these two processes (bottom panel), proﬁles of
γ in the outﬂow region decay more rapidly compared to when
only a single process is considered. For all cases, electrons with
g = 1 do not gain or lose energy, as expected. In the following,
we compare the results of other models with those of the
ﬁducial model (M9a9h60).
Figure 5 shows the result of model M9a5h60. Due to the
slower black hole spin (a=0.5), the stagnation surface is
located farther away from the black hole (see also Figure 3).
The location of the stagnation surface farther from the black
hole affects the relative importance of synchrotron and
adiabatic cooling for electrons with different initial energies.
For synchrotron cooling, the electron energy decays less
rapidly from the stagnation surface because the magnetic ﬁeld
is weaker, given that the normalizations for the magnetic ﬁelds
are the same in both models. Due to the energy dependence of
synchrotron cooling ( gµ - 12 ) and adiabatic cooling
( gµ - 1), electrons with higher (or lower) energy more easily
lose energy via synchrotron cooling (or adiabatic cooling), for
both inﬂow and outﬂow regions.
For identical black hole spin parameters, the location of the
stagnation surface is farther away from the black hole for ﬁeld
lines at higher latitudes (see also Figure 3). Figure 6 shows the
result for model M9a9h20 (q = 20h ); the case where a ﬁeld
line close to the polar region is considered. Similarly, the
farther-removed location of the stagnation surface causes
electrons to lose energy less rapidly, and the electrons with
lower energy lose their energy via adiabatic cooling more
easily due to the weaker synchrotron cooling.
The spatial variation of the electron energy for M6a9h60
( = ´ M M4 10BH 6 ), the smaller black hole mass case, is
shown in Figure 7. The dynamical timescale of the ﬂow in this
case is smaller than in the previous cases where the black hole
is 1000 times more massive. The top panel clearly shows that
synchrotron loss is insigniﬁcant in this case. This can be
understood as the synchrotron loss timescale being much
longer than the dynamical timescale of the ﬂow. Comparing the
middle and the bottom panels conﬁrms that the cooling is
dominated by adiabatic processes, of which the adiabatic
cooling timescale is governed by the dynamical timescale of
the background GRMHD ﬂow considered here.
4.2.2. Spatial Variation of the Distribution of Non-thermal Electrons
The non-thermal electron distribution g( )n s,nth is related
to the thermal electron distribution ( )n sth determined by the
GRMHD ﬂow and the distribution function  g( )∣s
(Equation (2)). According to the proﬁle of  g( )s, , the
distribution function  g( )∣s can be computed at a given slice
of constant s (Equation (2)). In the following, we present the
spatial evolution of  g( )∣s for different injected electron
energy distributions (Equation (8)) as g a-0 , with α=1.2, 2,
and 2.2. In each case, we assume  g1 10000 , and focus
on the result when both synchrotron cooling and adiabatic
cooling are included. Interestingly, the spatial evolution has
different characteristics depending on whether synchrotron or
adiabatic processes dominate. Here, we select M9a9h60 and
M6a9h60 as representative cases for these two situations.
The spatial variations of  g( )∣s at different locations of the
inﬂow and outﬂow regions of M9a9h60 are shown in
Figure 8. Starting from an initial distribution g a-0 given at
s0 (red line), proﬁles of the slices at the locations of
decreasing s (downstream from the stagnation surface) no
longer follow a power-law proﬁle. The variations of each
slice with decreasing s are indicated by the arrows in each
plot. For both the inﬂow (left panel) and the outﬂow (right
panel), the maximum electron energy gmax at each slice is
determined by the characteristic curve with g = 10000 as
shown in the bottom panel of Figure 4, and is therefore
8 The electron−synchrotron absorption cross-section is
s n q g p q ngn=
G ⎜ ⎟⎛⎝
⎞
⎠
⎛
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⎞
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e
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, , sin ;
8 3 sin 5 3
3 3
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2 2 3
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5 3
(see, e.g., Ghisellini 2013), where γ is the Lorentz factor of the non-thermal
electrons, which gives the optical depth
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⎝
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where ne is the non-thermal electron number density and R is the size of the
emission region. For a magnetic ﬁeld =B 10 G, the Larmor frequency nL
(=28 MHz) is much lower than the observational frequency ν (∼100 GHz or
higher). With =R 10 cm12 , =B 10 G, and ν=100 GHz,
t g» -⎜ ⎟
⎛
⎝
⎞
⎠
⎛
⎝⎜
⎞
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n
0.06
10 cm
10
.syn
e
5 3
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For magnetic aligned ﬂows, ~B 10 G implies r - n m 10 cme p 5 3,
where mp is the proton mass. Hence, synchrotron self-absorption is
unimportant in the jets considered in this work.
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independent of the choice of α. For all cases, due to both
synchrotron cooling and adiabatic cooling, the fraction of
electrons of energy close to minimum energy (g  1)
increases. At the high-energy end, in both the inﬂow and
outﬂow regions,  g( )∣s has a proﬁle with a positive (or
negative) slope when a < 2 (or a > 2) at high energies, as
derived in Equation (21). When α=2, the initial slope
Figure 5. Spatial variations of the non-thermal electron energy along a mid-
latitude ﬁeld line for model M9a5h60. See Figure 4 for a description and
comparison.
Figure 4. Spatial variations of the non-thermal electron energy along a mid-
latitude ﬁeld line for model M9a9h60. Selected characteristic curves (black)
from Equation (5) represent injected electrons with initial energies of
g = 1, 10, 10 , 100 2 3, and 104 at the stagnation surface (s = 0, as indicated
by the vertical dashed line), and their spatial variation as they stream along the
background GRMHD inﬂow region ( <s 0) and outﬂow region ( >s 0).
Shown separately are the characteristic curves due to synchrotron processes
only (top), adiabatic processes only (middle), and both processes (bottom). The
ﬂattened proﬁle to the left of the stagnation surface (Section 3.2) is due to the
use of vflr (see text) and does not qualitatively change these results. The
characteristic electron energies gc for producing emission at observational
frequencies of n = 5 GHzobs (green), 86GHz (blue), 230GHz (red), and
345GHz (brown) are also overlaid (see Section 4.3).
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a- = -2 is preserved. Note also the conservation of the
total area of  g( ) at each slice as required by Equation (3).
Therefore, a sharp decrease in gmax and a ﬂatter slope results
in proﬁles of  g g>( )∣ ( )∣s s0 (top panel).
The distribution function of M6a9h60 shown in Figure 9
provides an example of the case where adiabatic processes
dominate ( gµ - 1). Similar to the previous discussion, the
proﬁle of g = 10000 in Figure 7 provides a reference for the
maximum value of γ on the same slices. Due to cooling
processes, the fraction of electrons with g  1 increases. There
are two striking differences when compared to the synchrotron
process-dominated case. First, for all choices of α,
 g( ) ( )d dln ln is always negative at the high-energy end.
The slope a- is preserved at different spatial locations when
Figure 6. Spatial variations of the non-thermal electron energy along a high-
latitude ﬁeld line for model M9a9h20. See Figure 4 for a description and
comparison.
Figure 7. Spatial variations of the non-thermal electron energy along a mid-
latitude ﬁeld line for model M6a9h60. See Figure 4 for a description and
comparison.
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adiabatic processes dominate (Equation (21)). Second, the
maximum electron energy does not change as rapidly as in the
case of synchrotron processes ( gµ - 12 ).
4.3. Implications
For non-thermal electrons, most synchrotron emission may
be attributed to electrons with characteristic energy
g n n~c2 obs c (e.g., Rybicki & Lightman 1986; Leung et al.
2011), where nobs is the observed frequency andn pº ( )eB m c2c e . After some computation, we obtain
g n~ ⎜ ⎟⎜ ⎟⎛⎝
⎞
⎠
⎛
⎝
⎞
⎠ ( )B59.8 100 GHz
10 G
. 24c
obs
For our frequencies of interest, n = 5, 86obs , 230, and
345 GHz, the corresponding proﬁles of g n( )c obs along the ﬁeld
Figure 8. Spatial variation of the distribution function  g( ) of model M9a9h60 at different locations along the inﬂow (left panel) and outﬂow (right panel). The
proﬁles are of  g( )∣s, with slices chosen to have a ﬁxed interval of r along the line. For the inﬂow, =r r , 4, 30 , and r2 g are chosen, where = ∣r r r5.2s0 g0 is the r
coordinate at the stagnation surface s0. For the outﬂow, =r r , 6, 7, 80 , and r9 g are chosen. At the stagnation surface, the prescribed initial distribution follows
 g gµ a-( )∣s 00 and  g1 100 3, with a = 1.2 (top panels), 2.0 (middle panels), and 2.2 (bottom panels). The initial distribution at r0 overlaps with the red dashed
line, and the subsequent thread of the evolution is indicated by the arrows. At each slice of constant r, electron energies γ that are equal to the corresponding gc for
observational frequencies of n = 5 GHzobs (green), 86GHz (blue), 230GHz (red), and 340GHz (brown) are indicated by the colored symbols described in the panel
legend.
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line for each model overlap in Figures 4–7. With the magnetic
ﬁeld strength decreasing farther away from the black hole, gc is
monotonically increasing along the ﬁeld line. The nature of the
decreasing proﬁle of characteristic curves and the increasing
proﬁle of gc indicates a ﬁnite non-thermal synchrotron emission
region within which
g gY > Y( ) ( ) ( )s s; ; 25max c
is satisﬁed. It is clear that the size of the emitting region
therefore depends on the observational frequency g n( )c obs and
the variation of electron energy along a given ﬁeld line
g Y( )s;max . As shown in Figures 4–7, the emission region size
becomes larger when the observational frequency decreases,
with the stagnation surface being farther away, or the ﬂow
being dominated by adiabatic processes. As the observational
frequency increases, the emission region size decreases and
gradually coincides with the birth place of non-thermal
Figure 9. Spatial variation of the distribution function  g( ) of model M5a9h60 at different locations along the inﬂow (left panel) and outﬂow (right panel). See the
caption of Figure 8 for further details.
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electrons. That is to say, the location of the stagnation surface
becomes increasingly apparent as the observational frequency
increases. For a given ﬁeld conﬁguration Ψ, the location of the
stagnation surface is related to the black hole spin parameter
and the angular velocity of the ﬁeld WF (Section 3.1). As a
result, it may be possible to constrain the spin of the black hole
using the information concerning the location of the stagnation
surface, as provided by VLBI observations at multiple
frequencies. Observations of non-thermal synchrotron emission
of the M87 jet beyond parsec scales (e.g., Perlman et al.
1999, 2001; Homan & Lister 2006; Hada et al. 2011; Mertens
et al. 2016) indicate that subsequent reheating (injecting energy
into electrons) far from the emission region discussed here is
necessary.
The shape of the emitting region can be inferred as a
collection of non-thermal electron distributions on different
ﬁeld lines. Comparing the results of M9a9h20 (q = 20h ) and
those of M9a9h60 (q = 60h ) for higher latitude ﬁeld lines, the
stagnation surface is located farther away from the black hole
and the emission region size appears larger (relatively) along
the ﬁeld line. It is expected that the emitting region is more
extended toward the jet axial region.
In Figures 8 and 9, we indicate the electrons with γ equal to
the corresponding gc for different observational frequencies at
each slice of ﬁxed spatial location. If gc exceeds gmax, the
ensemble of electrons at a speciﬁc slice can no longer
contribute emission at any of the given observational
frequencies, and no indicated gc appears on that slice. It is
expected that the emission close to the stagnation surface
would be exceptionally luminous due to the larger electron
number density there. For the outﬂow, such a condition will
eventually be satisﬁed due to both synchrotron cooling and
adiabatic cooling (left panels of Figures 8 and 9).
For the inﬂow, whether or not the electrons can contribute to
the synchrotron emission (i.e., if g gY > Y( ) ( )s s; ;max c is
satisﬁed) all the way down to the event horizon depends on
how quickly the non-thermal electrons lose their energy. If
synchrotron cooling is efﬁcient (which is the case for a larger
black hole mass), the inﬂow component is only partially
observable (as shown by the absence of gc on the slices in the
left panels of Figure 8; see also Figure 4). If adiabatic cooling is
more important (which is the case for a smaller black hole
mass), the whole inﬂow component may be observable (as
shown by the presence of gc on the slices in the left panels of
Figure 9; see also Figure 7) since gmax decays at a slower rate
( gµ - 1) compared to the synchrotron cooling ( gµ - 12 ).
Although the location of the stagnation surface is time
dependent, as shown in GRMHD simulations (Broderick &
Tchekhovskoy 2015), a stationarity assumption may be
adopted for M87 because of its long dynamical timescale
( ~GM c 8BH 3 hr) compared to typical VLBI observations.
Future VLBI observations will provide an excellent opportu-
nity to constrain the injection site of non-thermal electrons and
test the predictions of different jet origin models. For further
comparison, general-relativistic radiative transfer should be
included to take into account the energy shift and aberrations
due to the ﬂuid motion and the black hole’s strong gravitational
ﬁeld (e.g., Fuerst & Wu 2004, 2007; Schnittman &
Bertschinger 2004; Dexter & Agol 2009; Vincent et al. 2011;
Younsi et al. 2012; Chan et al. 2013; Pu et al. 2016).
5. Summary and Conclusion
We determine the energy spectral evolution of non-thermal
electrons in a GRMHD black hole-powered jet and calculate
the radio synchrotron radiation from these electrons in the jet
inﬂow and outﬂow regions near the event horizon. Energetic
electrons are injected at the stagnation surface, a unique feature
predicted by the GRMHD model, and these electrons
(Section 2) are subsequently carried by the GRMHD ﬂow
along the magnetic ﬁeld lines threading the black hole event
horizon (Section 3). The energy spectra variation of the non-
thermal electrons along the ﬂows is regulated by synchrotron
radiative losses and adiabatic processes.
More speciﬁcally, we assume there is no further injection of
non-thermal electrons after they are injected from the
stagnation surface with a power-law energy spectrum
(Equation (8)), and the scattering and drift along magnetic
ﬁeld lines are unimportant. Without enough time to reach
thermalized or equal-partition state, the non-thermal electron
distribution g( )n s,nth is described by Equation (1). At each
location s, the spatial variation of non-thermal electrons are
traced by using the normalized energy spectral distribution
function  g( )∣s via the presented conservative formula
(Section 2.1). The spatial variation of non-thermal electrons
energy, gd ds, can therefore be described by the characteristic
curves, Equation (5). We summarize our ﬁndings in the
following ﬁve paragraphs.
1. In the outﬂow region, the energy of the electrons drops
due to radiative losses (via synchrotron radiation,
g gµ -˙ 12 ) and mechanical cooling (via adiabatic
expansion of the jet ﬂuid, g gµ -˙ 1). Farther away
from the stagnation surface along the magnetic ﬁeld lines,
the energy of the non-thermal electrons drops signiﬁ-
cantly, so much so that their contribution to the
observable synchrotron radiation becomes insigniﬁcant.
For imaging observations at a ﬁxed frequency band, the
emitting region, if it can be resolved, would appear ﬁnite
in size. The size of the emitting region, however, varies
with observational frequency: the smaller the size of the
emitting region, the higher the corresponding observa-
tional frequency. Moreover, adiabatic expansion is the
dominant cooling process for the jet outﬂow far away
from the stagnation surface.
2. In the inﬂow region, similar to the outﬂow region, the
energy of electrons drops due to both synchrotron cooling
and adiabatic cooling. If radiative cooling dominates, the
electrons can lose energy rapidly and become negligible
in their contribution to the observable emission (at a
given observational frequency) before reaching the event
horizon. If adiabatic cooling dominates, electrons lose
energy less rapidly. As a result, electrons can remain
energetic enough to contribute to the observable emission
when they approach the black hole event horizon,
rendering the entire inﬂow region observable (until the
dimming effect due to gravitational redshift dominates).
3. Our calculations have shown that the relative importance
of radiative losses and adiabatic losses is dependent on
the dynamical timescale of the ﬂow and hence the black
hole mass of the system, provided that a similar magnetic
ﬁeld strength is applied (see Equation (14)). If so,
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synchrotron losses are expected to be the dominant
cooling process for systems with a more massive black
hole, whereas adiabatic losses would be important for the
systems with a smaller mass black hole. As such, M87-
like and Sgr A*-like systems could exhibit different
observational properties, even when their jets are driven
by the same GRMHD process.
4. In studies of emission from relativistic jets in the compact
core region, the energy spectra of non-thermal electron
populations are often assumed to have a power-law
proﬁle with a maximum energy gmax. We have shown
that, when the energy loss is dominated by synchrotron
cooling instead of adiabatic cooling, the non-thermal
electrons, which had an initial power-law energy
distribution g a-0 when they were injected, cannot
maintain a power-law spectrum. Furthermore, gmax drops
rapidly and the spatial variation of the electron energy
density, in terms of g( )n s,nth , depends on the value of the
initial spectral index α. On the other hand, if the energy
loss is dominated by adiabatic cooling, gmax decays less
rapidly and the initial power-law energy distribution can
be preserved at the higher energy end.
5. The location of the stagnation surface is farther away
from the black hole toward the jet central axis, and the
radio emission (as observed at a speciﬁc frequency) will
appear more extended accordingly. As the observational
frequency increases, the emitting region will eventually
coincide with the stagnation surface, where the non-
thermal electrons are freshly injected. The high concen-
tration of fresh energetic electrons near the stagnation
surface implies that regions adjacent to the stagnation
surface should be luminous and more easily observable.
Our calculations showed strong radio emission from the
regions near the stagnation surface. Predicted observed images
of this stagnation surface will be explored with general-
relativistic radiative transfer calculations in a future work. The
detection of such bright emission features in VLBI imaging
observations will unambiguously conﬁrm the GRMHD nature
of black hole-powered jets. This is achievable with upcoming
mm/sub-mm VLBI observations.
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Appendix
Solutions of Background GRMHD Flows
The GRMHD solutions used for the calculation of the
electron energy losses for models M9a9h60 and M6a9h60,
model M9a5h60, and model M9a9h20 are presented in
Figures 10, 11, and 12, respectively.
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Figure 10. GRMHD solutions for the inﬂow region (left panels) and the outﬂow region (right panels) used for models M9a9h60 and M6a9h60, respectively. The
proﬁles are plotted along the ﬁeld line, in terms of the Boyer–Lindquist radial coordinate r. From top to bottom: the radial component of the four-velocity u r, the radial
component of the three-velocity =v u ur r t (the applied ﬂoor value is indicated by the horizontal line), and the number density ρ (relative numerical value). See
Sections 3 and 4.1 for a description and comparison.
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Figure 11. GRMHD solutions for the inﬂow region (left panel) and outﬂow region (right panel) used for model M9a5h60. See the caption of Figure 10 for a
description and comparison.
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